Using an approximation scheme to deal with the centrifugal (pseudo-centrifugal) term, we solve the Dirac equation with the screened Coulomb (Yukawa) potential for any arbitrary spin-orbit quantum number κ. Based on the spin and pseudospin symmetry, analytic bound state energy spectrum formulas and their corresponding upper-and lower-spinor components of two Dirac particles are obtained using a shortcut of the Nikiforov-Uvarov method. We find a wide range of permissible values for the spin symmetry constant C s from the valence energy spectrum of particle and also for pseudospin symmetry constant C ps from the hole energy spectrum of antiparticle.
I. INTRODUCTION
The screened Coulomb (Yukawa) potential is widely used in physics, being a good approximation to short-range interactions between charged particles in various areas of physics [1, 2] . In plasma physics it is known as the Debye-Hückel potential describes the shielding effect of ions embedded in plasmas [3] . It has also been used to play a fundamental role in (dusty/complex) plasma and colloidal suspensions. The momentum transfer in pair collisions of particles interacting via the Yukawa potential is well investigated in the limit when the interaction is "weak" in the sense that its range (distance at which the interaction energy is equal to the kinetic energy) is much shorter than the plasma screening length. This limit is known as the theory of Coulomb scattering and is extensively used to describe collisions in usual electron-ion plasma [4] . In solid state, atomic and molecular physics it is called the Thomas-Fermi or screened Coulomb potential due to the cloud of electronic charges around the nucleus [5, 6] . Also this potential is well known in nuclear physics as the dominant central part of neutrons-protons nuclear interaction due to the massive field exchange (one pion) whose mass is m [7, 8] . In high energy physics, the potential is used to model the interaction of hadrons in short range gauge theories where coupling is mediated by the exchange of a massive scalar meson [1, 9] . It is defined as follows [10] :
where α and A are the screening (range) and coupling strength parameters, respectively. The two parameters are given by different expressions depending on the type of the problem under consideration. For example, A = g 2 is positive for attraction, g denotes the coupling constant between meson field and the fermion field with which it interacts. Since the field mediator is massive, the corresponding force has a certain range, which is inversely proportional to the mass, α = mc/h If the mass is zero, then the Yukawa potential becomes equal to a Coulomb potential and the range is said to be infinite. Further, the number of bound states of the Yukawa potential is found to be finite. Unfortunately, since the Schrödinger equation for the screened Coulomb potential does not admit an exact analytical solution [11] , therefore, various numerical [12, 13] and analytical [14] [15] [16] [17] methods have been developed in the past. Also the energy spectrum can be calculated with high accuracy by means of the hypervirial relations and Pade approximation methods [18, 19] . The short-range behavior of the decaying exponential factor e −αr and singularity at r = 0 make the task of obtaining accurate solutions a difficult task. Besides, most of these calculations suffer from limited accuracy when a wider range of potential parameters are being considered [20] .
An approximate perturbative method has been developed to obtain the energy spectrum and wave functions of the Schrödinger with the Yukawa-like potentials [21] . This method has been applied to obtain the energy spectrum and wave functions for the more general exponential-cosine-screened Coulomb potentials. These potentials are containing an additional Coulomb term superposed with the Yukawa potential that might be useful in describing the effective interaction in many-body problem [22] . Further, the asymptotic iteration method is used to obtain the energy eigenvalues of the Yukawa potential [23] . The J-matrix method has been applied to the Yukawa potential with no special treatment of its singularity by using the oscillator basis and the reference Hamiltonian contained only the kinetic energy operator [24] . The bound states spectrum and resonance energies of the Yukawa potential have been studied using the method of complex scaling [25] . Therefore, an alternative Laguerre basis has also been used to comply with the J-matrix requirement of a tridiagonal matrix representation of the reference Hamiltonian that includes the r −1
singularity [18] .
When a particle is in a strong interaction (range of interaction exceeds the screening length, λ = α −1 ), the relativistic effect must be considered which gives the correction for nonrelativistic quantum mechanics. The relativistic treatment is of much interest especially when (at least) one of the particles is highly charged and their relative velocity is small.
Taking the relativistic effects into account, a particle in a potential field should be described with the Dirac equation. Therefore, the solution of the Dirac equation can be important in different fields of physics like nuclear and molecular physics [7, 26] . Within the framework of the Dirac equation the spin symmetry arises if the magnitude of the spherical attractive scalar potential S(r) and repulsive vector potential are nearly equal (i.e., S(r) ∼ V (r)) in the nuclei (i.e., when the difference potential ∆(r) = V (r) − S(r) = C s , with C s is an arbitrary constant); however, the pseudospin symmetry occurs if S(r) ∼ −V (r) are nearly equal (i.e., when the sum potential Σ(r) = V (r) + S(r) = C ps , with C ps is an arbitrary constant) [27] .
The spin symmetry is relevant for mesons [28] . The pseudospin symmetry concept has been applied to many systems in nuclear physics and related areas [27] [28] [29] [30] [31] and used to explain features of deformed nuclei [32] , the super-deformation [33] and to establish an effective nuclear shell-model scheme [29, 30, 34] . Recently, the spin and pseudospin symmetries have been widely applied on several physical potentials by many authors (cf. [35] [36] [37] and references therein). Many authors have investigated approximately the solution of the Dirac equation with a few potential models such as the the generalized Morse potential [35] , the Hulthén potential [36] , the Rosen-Morse potential [37] and the screened Coulomb potential [38] etc within the framework of various methods.
In the framework of the spin symmetry S(r) ∼ V (r) and pseudospin symmetry S(r) ∼ −V (r), the bound state energy eigenvalues and associated upper-and lower-spinor wave functions are investigated by means of the Nikiforov-Uvarov (NU) method [39] . We have approximately solved the Dirac equation for the Hulthen potential [36] with spin and pseudospin symmetry for any spin-orbit κ state and found the eigenvalue equation and corresponding two-component spinors within the framework of an approximation to the term proportional to 1/r 2 . We have also solved the (3+1) dimensional Dirac equation for a single particle trapped in the spherically symmetric generalized WS potential under the conditions of exact spin and pseudospin symmetry combined with approximation for the spin-orbit centrifugal (pseudo-centrifugal) term, and calculated the two-component spinor wave functions and the energy eigenvalues for any arbitrary spin-orbit κ bound states [40] . Recently, Setare and Haidari [41] have solved the Dirac-Yukawa problem in the presence of the spin symmetry and given only analytical expressions for energy eigenvalues and wave functions.
However, they have not given further numerical discussions for the validity of their analytical solutions. On the other hand, the subject of the pseudospin symmetry of the Dirac-Yukawa problem introduced by Ginocchio [27] has not been investigated by Ref. [41] . Over the past years, the interest in the quality of the pseudospin symmetry has been increased in the framework of the single-particle relativistic potential models. Therefore, we have found that it is necessary to give a detailed study for the solution of the Dirac equation with screened Coulomb (Yukawa) potential model in the presence of spin as well as pseudospin symmetry in a very simple and elegant way by using a shortcut procedures for the NU method. We also give a detailed discussion for the validity of the present numerical as well as analytical solutions. We also try to explore the exact relativistic energy spectrum of the Coulombic field (when α = 0, the low screening range of the Yukawa potential) under the exact spin and pseudospin symmetry.
The analytic solution of the Dirac equation with the screened Coulomb potential is difficult to find due to the centrifugal (pseudo centrifugal) term κ(κ + 1)r −2 (κ(κ − 1)r −2 ) and the singular interactions like r −1 (e.g., the Coulomb potential). Nevertheless, employing the approximation provided by Greene and Aldrich [42] to the centrifugal term r −2 and to the singular Coulombic part r −1 makes the solution handy. We work within the framework of the low screening parameter throughout the paper. We find analytically approximate bound state solutions including the energy spectra and the corresponding spinor wave functions in the presence of the spin symmetry and pseudospin symmetry concept for any κ-state within the parametric generalization of the NU method [43] 
II. THEORETICAL FRAMEWORK OF DIRAC BOUND STATE SOLUTIONS
The Dirac equation for fermionic massive spin-1/2 particles moving in an attractive scalar potential S(r) and a repulsive vector potential V (r) is given by [7] cα
where E is the relativistic energy of the system, M is the mass of a particle, p = −ih∇ is the momentum operator, and α and β are 4 × 4 Dirac matrices, i.e.,
where I denotes the 2 × 2 identity matrix and σ i are the three-vector Pauli spin matrices.
In a spherical symmetrical nuclei, the total angular momentum operator of the nuclei J and spin-orbit matrix operator K = −β (σ · L + I) commute with the Dirac Hamiltonian, where L is the orbital angular momentum operator. The spinor wave functions can be classified according to the radial quantum number n and the spin-orbit quantum number κ and can be written using the Pauli-Dirac representation in the following forms:
where the upper-and lower-spinor components F nκ (r) and G nκ (r) are the real square-integral radial wave functions, Y l jmκ ( r) and Y l jm(−κ) ( r) are the spin spherical harmonic functions coupled to the total angular momentum j and it's projection m on the z axis and κ (κ + 1) = l(l + 1) and κ (κ − 1) = l( l + 1). The quantum number κ is related to the quantum numbers for spin symmetry l and pseudospin symmetry l as
, aligned spin (κ < 0) ,
and the quasi-degenerate doublet structure can be expressed in terms of a pseudospin angular momentum s = 1/2 and pseudo-orbital angular momentum l which is defined as
where κ = ±1, ±2, · · · . For example, (1s 1/2 , 0d 3/2 ) and (2p 3/2 , 1f 5/2 ) can be considered as pseudospin doublets.
Upon direct substitution of Eq. (4) into Eq. (2), the two radial coupled Dirac equations for the two spinor components can be obtained as
where ∆(r) = V (r) − S(r) and Σ(r) = V (r) + S(r) are the difference and sum potentials, respectively.
In the presence of the spin symmetry ( i.e., ∆(r) = C s = constant), one can eliminate G nκ (r) in Eq. (7a), with the aid of Eq. (7b), to obtain a second-order differential equation
for the upper-spinor component:
and the lower-spinor component is obtained from Eq. (7a):
where E nκ = −Mc 2 , only real positive energy spectrum exist when C s = 0 (exact spin symmetry). On the other hand, in the presence of the pseudospin symmetry ( i.e., Σ(r) = C ps = constant), one can eliminate F nκ (r) in Eq. (7b), with the aid of Eq. (7a), to obtain a second-order differential equation for the lower-spinor component:
and the upper-spinor component F nκ (r) can be obtained from Eq. (7b) as
where E nκ = Mc 2 , only real negative energy spectrum exist when C ps = 0 (exact pseudospin symmetry). The physical solution demands that the upper and lower radial components should satisfy the boundary conditions:
A. Spin symmetry Dirac-Yukawa problem
At first, we investigate the spin symmetry in the form of SU (2) by taking the Σ(r) = 2V (r) → V Y (r) [44] which can be easily reduced into the non-relativistic limit under a certain appropriate transformations. Equation (8) shows that the energy eigenvalues, E nκ is mainly dependent on the quantum numbers n and l. For example, when l = 0, the states with j = l ± 1/2 are degenerate. The sum potential Σ(r) in Eq. (8) is simply taken as the Yukawa potential,
which provides a simple Schrödinger-like equation in the form:
where
with κ values are given in Eq. (5). The exact analytic solution of Eq. (13) is difficult to find due to the centrifugal kinetic energy term κ(κ + 1)r −2 and the singularity of r −1 -type.
Nonetheless, if κ is not too large, the case of the vibrations of small amplitude about the minimum, we attempt to use the Greene-Aldrich [42] conventional approximation to deal
Introducing the new parameter, x(r) = e −2αr ∈ [0, 1] and further substituting Eq. (15) into Eq. (13), we obtain d
where we have inserted F nκ (r) = F nκ (x). In order to clarify the parametric generalization of the NU method [35, 37, 43] , let us take the following general form of a Schrödinger-like equation written for any potential,
satisfying the wave functions
In addition, the two polynomials
and
are at most of first-and second-degree, respectively. Comparing Eq. (17) with its counterpart Eq. (16), we obtain values for the constants c i (i = 1,2, 3) along with ξ j (j = 0, 1, 2). Now, following the NU method [39] and making the substitution of Eqs. (19) and (20) Table 1 for the screened Coulomb potential model.
Secondly, by using the relations (A2-A5), the analytic forms of the essential polynomials π(x) and τ (x) along with the root k, required by the NU method, can also be found as
where τ ′ (x) < 0 must be satisfied in order to obtain physical solution according to the NU method [39] .
Thirdly, we need to calculate the energy eigenvalues by means of the eigenvalue equation, relation A6 which gives
Finally, after making use of Eq. (14), the above equation for the Yukawa potential can be expressed implicitly in terms of the energy E nκ as
where κ = −(n + 1) and A = Ze 2 . The above energy equation can be also rearranged in a quadratic form (in relativistic unitsh = c = 1) as
The two energy spectrum formula of the quadratic equation (26) is
where (A 2 W + SN for a given value of α the bound state becomes sharply (slowly) deeper (more attractive)
for particle (antiparticle) on increasing the coupling constant A (heavy nucleus). On the decreasing the value of the range α (lower screening range), the energy goes to a more negative value for antiparticle and to a less positive value for particle (energy becomes more attractive). On the other hand, for a fixed value of A, the bound state energy becomes shallower on increasing α for particle. It is seen that in the limit of a very short-ranged potential (α → 0), the potential approaches the δ-function limit that can bind particles and antiparticle stronger than finite-ranged potentials (1). Furthermore, i.e., the energy spectrum is not sensitive to the influence of κ in the aforementioned range.
With the increasing κ value, we see that E in which the energy levels become very sensitive to the influence of κ as usually expected. Table 2 supports our choice of the allowed range −20 f m
we find out that the second case is not sensitive to the influence of κ. Thus, for our choice of The results presented in Fig. 2b and Table 2 are used. Firstly, we calculate the first part of the wave functions,
The weight function takes the form
which can generate the second part of the wave functions,
is the orthogonal Jacobi polynomials [45, 46] . Finally, the upper spinor component F nκ (x) for any arbitrary κ can be obtained by means of Eq. (18) as
where the normalization constants N nκ are calculated in Appendix B.
The derivative relation of the hypergeometric function,
is usually used to calculate the corresponding lower-component G nκ (r) by means of Eq. (9):
The hypergeometric series 2 F 1 (−n + 1; n + 2 (ν 1 + κ + 1) + 1; 2 (1 + ν 1 ) ; e −αr ) is terminated for n = 0 and thus does not diverge for all values of real parameters ν 1 and κ + 1.
In relativistic unitsh = c = 1, E nκ = −M, i.e., negative energy states are forbidden, when Let us now study the nonrelativistic case. Making the appropriate changes:
2h2 , ω 1 → γ 1 = mA/αh 2 and κ(κ+1) → l(l +1) in Eqs. (16), (21)- (24) and (29)- (32) together with Table 1 , we can easily obtain the energy spectrum of the Schrödinger equation for the Yukawa potential model:
which can be explicitly expressed as
and the radial wave functions:
− (n + l + 1) α and the normalization constants N nl are carried out in Appendix B.
B. Pseudospin symmetry Dirac-Yukawa problem
From Eq. (10), we can see that the energy eigenvalues depend mainly only on n and l, i.e., E nκ = E(n, l( l + 1)). For l = 0, the states with j = l ± 1/2 are degenerate. This is a SU(2) pseudospin symmetry. We impose ∆(r) as the Yukawa potential model given in (1):
leading to a Schrödinger-like equation in the form:
with
where κ (κ − 1) = l( l + 1) satisfying Eq. (6). We follow the same procedures of solutions discussed before to obtain a Dirac equation satisfying G nκ (r),
To avoid repetition in the solution of Eq. (40), a careful inspection for the relationship between the present set of parameters (ω 2 , ν F nκ (r) ↔ G nκ (r), κ → κ−1, V (r) → −V (r) (i.e., A → −A), E nκ → −E nκ and C s → −C ps .
(41)
Further, the constants in the case of pseudospin symmetry concept are listed in Table 1. Applying the above transformations to Eqs. (21)- (24) leading to the following pseudospin symmetric energy equation,
Finally, with the aid of Eq. (39), Eq. (42) can be also expressed in terms of the energy,
,
where κ = −n. When C ps = 0 (exact pseudospin symmetry, S(r) = −V (r) case) then we require −M < E nκ < M.The above pseudospin energy equation can be rearranged in a quadratic form (h = c = 1):
The above quadratic energy equation can be easily obtained by means of Eq. (25) through making the replacements: n + κ + 1 → n + κ, A → −A, E nκ → −E nκ and C s → −C ps . The two energy solutions of the quadratic equation (44) can be obtained as
where (A 2 U +T N 
In this exploratory investigation, as it should be expected, for a given value of α the bound state becomes slowly (sharply) deeper for particle (antiparticle), i.e., it becomes more (less) attractive, on increasing the coupling constant A (heavy nucleus).
On increasing the value of the screening parameter α, the particle (antiparticle) becomes more (less) attractive as A increasing. Therefore, in the pseudospin symmetry case, the antiparticle is less attractive to heavier nuclei while in the spin symmetry case the particle is more attractive to heavier nuclei. In addition, increasing the value of screening parameter α in both particle and antiparticle leads to less attractive interaction with heavier nucleus. We present the essential procedures in calculating the wave functions. The first part of the wave functions is
and the weight function is
and this generates the second part of the wave functions,
Finally, the lower spinor component G nκ (x) for arbitrary κ can be obtained by means of Eq.
(18) as
The upper-component F nκ (r) can be calculated from Eq. (11) as follows
In relativistic unitsh = c = 1, E nκ = M, i.e., positive energy states are forbidden, when C ps = 0 in which the negative (antiparticle) energy solution of Eq. (43) is required.
Therefore, the positive solution is not desirable, see Fig. 5a . The hypergeometric series 2 F 1 (−n + 1; n + 2 (ν 2 + κ) + 1; 2 (1 + ν 2 ) ; e −αr ) terminates for n = 0 and thus does not diverge for all values of real parameters ν 2 and κ.
In Fig. 6 , we plot the upper and lower spinor wave functions of ground 0d 
III. A FEW SPECIAL CASES
Let us study four special cases. At first, we study the nonrelativistic (Schrödinger-Yukawa) case by setting C s = 0 (exact spin symmetry limit) and making the changes κ → l,
Hence, from Eq. (25), it follows that
Further, in the limit when α = 0, the above result reduces to the well-known spectrum for the nonrelativistic Coulombic field, E
2 with a wave functions R nl (r) = r −1 χ nl (r) = r
> 0, and L s n (x) is the Laguarre function [22] .
Second, spin symmetry Dirac-Coulomb (α → 0) case
The above energy equation can be rearranged in a quadratic form (h = c = 1):
and the two energy solutions of the above equation can be obtained as
In the limitation of pseudospin symmetry, the Dirac-Ykawa problem reduces to DiracCoulomb problem when α → 0,
and it can be rearranged in a quadratic form (h = c = 1) as
Thus, the two energy solutions of the above equation can be readily obtained as
Third, on the base of the exact spin symmetry (C s = 0), the energy equation for DiracYukawa problem becomes (in unitsh = c = 1)
with two energy solutions of the quadratic equation (25) can be obtained as
where N 1 is defined in Eq. (27) . From Eqs. (32) and (33), the upper and lower wave functions are
respectively, where γ = 1 2α
In view of the exact pseudospin symmetry (C ps = 0), the energy equation for DiracYukawa problem reads (h = c = 1)
where |E nκ | < M and with two energy solutions:
The lower and upper-component wave functions are
respectively. (8), we obtain
and, hence, the energy spectrum can be obtained from Eq. (28) by making the change
Further, the upper and lower wave functions can be obtained simply via Eqs. (32) and (33) as
respectively. In view of pseudospin symmetry, we obtain the energy spectrum from Eq. (46) by making the change κ → κ ′′ as
The lower and upper wave functions can be obtained as follows
Fifth, the exact Dirac-Coulomb problem (α = 0) has the following energy equations:
in the limitation of the exact pseudospin (C ps = 0) and spin (C s = 0) symmetry, respectively.
Obviously, in making the following changes E nκ → −E nκ and κ → κ − 1, one can easily switch off from spin symmetry, Eq. (76), into pseudospin symmetry, Eq. (75). Furthermore, Eqs. (75) and (76) are identical to Eqs. (37) and (47) of Ref. [48] (if one sets A = 0 = C and B → A). They are also identical to Eqs. (40) and (52) of Ref. [49] . potential for various values of quantum numbers n, l and screening parameter α (h = µ = 1).
Our approximated results in Table 3 are compared with those of [16, 17, 19] together with the results of [13] Table 5 . One can see that there are degenerate eigenvalues of the pseudospin partners within the attractive scalar and repulsive vector Yukawa potentials. As an example, the Dirac pseudospin doublet eigenstate partners are: (1p 3/2 , 2s 1/2 , 2d 5/2 ), (1d 5/2 , 2f 7/2 , 0d 3/2 ), (1f 7/2 , 2g 9/2 , 0f 5/2 , 1d 3/2 ), (1g 9/2 , 2h 11/2 , 0g 7/2 , 1f 5/2 ), and (1h 11/2 , 0h 9/2 , 1g 7/2 ), ... (28) and (46) are sensitive to the choice of the parameters C s , C ps , α, A and M. The spin (pseudospin) limit Dirac energy spectrum computed in Table 3 ( Table 4) for arbitrarily chosen set of parameters are in the form of valence (hole) states.
In order to remove the extra degeneracies in energy levels, we have solved Dirac-Yukawa problem in the presence of spin and pseudospin symmetry by adding a centrifugal-like term,
i.e., V (r) = −Ae −αr /r + D/r 2 .
Finally, the solution of the Dirac-Coulomb problem can be readily obtained from our solutions by setting α = 0. Hence, we can obtain expressions for the exact energy eigenvalues for the exact spin and pseudospin limitations. These exact solutions are identical to the ones found recently in Refs. [48, 49] . (1 − 2s) = (α + 1) n n! 2 F 1 (−n, 1 + α + β + n; α + 1; s) .
Appendix B: Calculations of the Normalization Constants
The normalization constant, N nl can be determined in closed form. We start by using the relation between the hypergeometric function and the Jacobi polynomials (see formula 
to rewrite the wave functions in (32) as 
The calculation of this integral can be done by writing
and using the following two integrals (see formula (7.391.5) in [45] ):
(1 − x) ν−1 (1 + x) µ P (ν,µ) n (x) 2 dx = 2 ν+µ Γ(n + ν + 1)Γ(n + µ + 1) n!νΓ(n + ν + µ + 1) ,
which is valid for Re(ν) > 0 and Re(µ) > −1 and (see formula (7.391.1) in [45] ):
Γ(n + ν + 1)Γ(n + µ + 1) n!Γ(n + ν + µ + 1)(2n + ν + µ + 1)
which is valid for Re(ν) > −1, Re(µ) > −1. Finally, we have carried out relativistic and non-relativistic normalization constants as N nκ = 1 Γ(2ν 1 + 1) αν 1 (n + ν 1 + κ + 1) (n + κ + 1) Γ(n + 2ν 1 + 1)Γ(n + 2ν 1 + 2κ + 2) n!Γ (n + 2κ + 2)
and N nκ = 1 Γ(2ε nl + 1) αε nl (n + l + ε nl + 1) (n + l + 1) Γ(n + 2ε nl + 1)Γ(n + 2ε nl + 2l + 2) n!Γ (n + 2l + 2)
respectively. 
